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Abstract: The paper presents a brief overview of the two most commonly used approaches, namely the equivalent 
sand-grain approach and the discrete-element approach, used to study boundary-layer characteristics of a rough 
surface. The salient features as well as some of the recent improvements and the limitations of these approaches are 
highlighted. Some results are presented at the end to show a comparison with known experimental data. 
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1.  INTRODUCTION 
 
Ice accretion and insect contamination are one of the 
major causes of aircraft performance degradation since 
their presence leads to large penalties in lift and drag (see 
Fig. 1). As a consequence, there is a growing concern 
among the aeronautical engineering community to better 
understand the process of ice accretion. This concern is 
largely due to a number of icing related accidents in 
recent years. In order to improve flight safety, a better 
understanding of the effect of ice accretion on the 
aerodynamic performance of wings is required. The 
prediction of boundary-layer characteristics on rough 
surfaces [1] has been the focus of research for many 
years. In an effort to better predict the performance 
penalties associated with rough surfaces, the main focus 
of a joint research underway at École Polytechnique de 
Montréal under the Bombardier Aeronautical chair, is to 
develop reliable icing and anti-icing simulation tools 
such as CANICE [2]. The validity of these tools, 
specifically the roughness models associated with ice 
accretion and insect contamination, is being established 
through the experimental effort at The Queen's 
University of Belfast, N. Ireland, UK. 
 
In order to improve the prediction of boundary-layer 
characteristics on rough surfaces, a comparative study on 
the effect of different turbulence models on skin-friction 
and heat-transfer prediction using discrete-element^5 and 
sand-grain approach is underway. The goal of this study 
is to determine the strength and weaknesses of each 
approach and the associated turbulence model and then 
make a final recommendation as to which of the 
combinations maybe used in ice accretion prediction 
codes. This paper briefly discusses the models that are 
being used for boundary-layer analysis of a rough 
surface. 
 
2.  NUMERICAL MODELS 
 
Although the development of a numerical model based 
on the Navier-Stokes (NS) equations would provide 
greater understanding of the complex flow structure 
around a roughness element or a distribution of such 
elements, it does not offer any significant advantage over 
the methods based on empirical or semi-empirical 
correlations and BL equations in terms of determining 
the skin-friction and heat-transfer characteristics of the 
flow. The research effort was, therefore, devoted to the 
development of numerical models based on the latter 
methods. In literature, two approaches have generally 
been used to study the BL characteristics of a rough wall. 
These include: (1) the equivalent sand-grain approach, 




Figure 1  Influence of roughness on airfoil lift and drag 
 
2.1  THE EQUIVALENT SAND-GRAIN APPROACH 
 
The study of the effects of surface roughness on fluid 
flow and heat transfer had its origin with the classic 
works of Nikuradse [3] in 1933 and Schlichting [4] in 
1936. The parameter commonly used to characterize a 
rough surface is the well-known equivalent sand-grain 
height hs. This parameter is determined by comparing the 
skin friction and velocity profiles for a particular surface 
with the results of Nikuradse [3] on fluid flow in 
channels with rough walls. With the use of the measured 
friction on the smooth and rough parts of the wall and the 
associated wall laws, Schlichting reduced the three-
dimensional roughness to an equivalent sand-grain 
roughness of height hs that would cause the same 
increase in the drag. He then associated to each of the 
surface studied, a geometrical coefficient  
a = h/ hs                (1) 
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defined as the ratio of the mean height h of the roughness 
element to the equivalent sand-grain height hs established 
from correlations of the geometrical characteristics 
(height, spacing density, and shape) of the roughness 
elements. Since then, several correlation have been tested 
with more or less success. In addition to the empirical 
correlations, semi-empirical methods have also been 
proposed which use empirical correlations in addition to 
solving the associated integral and local equations. These 
include the work of Dvorak [5], Dirling [6], Grabow and 
White [7], Rotta [8], Cebeci and Chang [9], Chan [10], 
Van Driest [11], Krogstadt [12], Wilcox et al. [13, 14] 
and Patel and Sheuer [15]. 
 
2.2 LIMITATIONS OF THE EQUIVALENT SAND-GRAIN 
APPROACH 
 
· The correlations are not universal. 
· Additional parameters are necessary to characterize 
the geometry of the surface such as the spacing 
between the rough elements and roughness density. 
This presents a difficult task for complex flows and 
different types of surfaces. 
· The Reynolds analogy, linking the drag and the heat 
transfer, gives good results for a flat plate and for 
small roughness. It presents the inconvenience of not 
being valid near the separation point and is not valid 
for average and big rough elements.  What is more, 
there is no physical basis for the correlation between 
the height hs of the equivalent sand-grain and the 
heat transfer  [16—18]. Indeed, the increase in the 
wall shear stress is more rapid than the increase of 
the heat flux, in the presence of roughness. 
Moreover the wall shear stress is “seen” by the wall 
as a form drag which has no equivalent in the energy 
equation. 
 
2.3  THE DISCRETE-ELEMENT APPROACH 
 
Schlichting [4] generalized the work of Nikuradse [3] to 
other types of three-dimensional roughness. These 
roughness elements consisted of simple geometrical 
figures such as spheres, cones, hemispherical elements, 
see Fig. 2, of different height and distributed uniformly 
on a portion of the wall of interest. To adequately 
describe a rough surface at least three measures are 
required: height, spacing density, and shape. He proposed 
that the decomposition of skin friction consisted of two 
contributions, one due to the friction of the smooth wall 
between the roughness elements and the other due to the 
pressure drag on roughness elements. Thus, the Discrete-
Element approach takes into account the physical 
characteristics as well as the local effects due to the 
presence of roughness elements on the boundary layer, in 
the form of supplementary coefficients and terms in the 
equations of motion. The equations of mass, momentum 
and energy are derived using mass, force and energy 
balance on an elementary control volume which 
surrounds enough roughness elements, see Fig. 3. The 
presence of a roughness element forces the fluid flow to 
go above and around the element and, thus, results in a 
blocking effect [19, 20] which is accounted for in the 
equations by a blocking factor b, see Fig. 4. 
 
 










Figure 4  The blockage effect 
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The flow exerts pressure and viscous stresses on the 
roughness elements, which translate into a supplementary 
drag term in the momentum equation, including the 
pressure difference DP between the downstream and 
upstream faces of the roughness element and the effect of 
proximity of other roughness elements. If the fluid 
temperature is different from the wall temperature Tw, a 
heat flux between the elements and the fluid is modeled 
by an additional term in the energy equation involving 
the local Nusselt number Nud. The latter increases with 
the regime of the flow and the gap between the wall's 
temperature and the fluid's temperature. Similar to the 
skin-friction coefficient Cf, the Stanton number St is 
calculated directly from the local or global equations. 
 
Different models utilizing the Discrete-Element concept 
have been investigated. The most common amongst these 
models are those of Finson [19, 20], Lin and Bywater 
[21], Cristoph [22], Taylor et al. [23], and Coleman et al. 
[17, 24—27], Zukauskas [28], and Carrau [29]. 
Improvements to these models using volume-averaging 
has been demonstrated by Crapiste [30] and Gray [31]. 
 
2.4  ADVANTAGES AND DISADVANTAGES OF THE 
DISCRETE-ELEMENT APPROACH 
 
The Discrete-Element approach fills many of the gaps 
left 
by the Equivalent Sand-Grain approach such as: 
· The physical geometry of the rough surface is 
accounted for into the formulation of the governing 
equations and includes height, shape and density 
distribution, etc. 
· Solution of global equations in which the local effect 
on the boundary layer due to roughness elements are 
taken into account. The drawback is that one must 
assume a specific geometry for the roughness 
elements. The method is not valid for sphere or any 
type of joint roughness elements. 
· Schlichting [4] showed the existance of “dead 
zones” downstream of joint sphere roughness 
elements. For joint spheres, the flow “sees” an 
apparent wall located at a distance y0 = d0/5, where 
d0 is the diameter of the spheres. 
· The problem of effective wall location and ill-
defined boundary conditions are also eliminated. 
· The method uses empirical data only through the 
geometry of the roughness which appears in the 
definition of the blocking coefficient \beta, the drag 
coefficient Cd and the local Nusselt number Nud. 
· The approach works for 2D and 3D roughness, 
requiring a change for the definition of the drag 
coefficient. 
 
The models presented above distinguish themselves by: 
· The blocking coefficient: two different blocking 
coefficients, one for the horizontal direction and one 
for the normal (to the wall) direction. If the same 
blocking coefficient is used for both directions, then 
it represents an average blocking in the horizontal 
direction. 
· The different location of the blocking coefficient in 
the convective terms, diffusive terms and pressure 
gradient.  
· The modeling of drag coefficient Cd, the local 
Nusselt number that appear in the sink terms in the 
momentum and energy equations. 
· The turbulence model used; they vary from simple 
algebraic models to two-equation type models. 
· Some models consider the influence of the 
roughness only in the equations describing the mean 
flow, while other models consider the influence on 
the turbulent field and include them in the turbulence 
model. 
 
3.  CHOICE OF A NUMERICAL MODEL 
 
In the above sections, a number of mathematical models 
have been presented which can be used to study the flow 
of a fluid over a rough wall. The emphasis of this work 
has basically been on two methods: the Equivalent Sand-
Grain method and the Discrete-Element method. The 
inherent advantage of using the Discrete-Element method 
and the use of volume-averaging leads to additional 
dissipation terms due to the presence of roughness 
elements and justifies the inclusion of the effects of the 
roughness in the turbulence modeling. For numerical 
purposes a Discrete-Element as well as an Equivalent 
Sand-Grain numerical model have been developed. 
Currently, the models use (a zero-order turbulence 
model) the Cebeci-Smith’s turbulence model, modified 
by Cebeci-Chang to take into account the effects of the 
roughness [9].  Other model's such as the Van Driest [11]  
mixing length model with van Driest damping used for 
smooth wall are also being investigated. 
 
4.  PRELIMINARY RESULTS 
 
The results from the two numerical models are presented 
along with the comparison with the experimental results 
and results by other investigators [17]. The comparison 
shown consists of turbulent velocity (Fig. 5) and 
temperature (Fig. 6) profiles at a station sufficiently 
downstream of local transition as well as the skin-friction 
coefficient distribution (Fig. 7). The roughness geometry 
chosen for the comparison consists of hemispherical 
elements with do = 3 mm, k = 1.5 mm and lx = ly = 4 mm. 
Other input conditions include: Ue = 27 m/s, Te = 300 K 
and Tw = 273 K. The nomenclature used in the figures is 




T   = local temperature, K                          
Te    = free-stream temperature, K                    
Tw        = wall temperature, K                           
U          = local velocity, m/s                           
Ue        = free-stream velocity, m/s                     
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y           = vertical distance from the wall, m            
d      = boundary-layer thickness, m                   
dT     = thermal boundary-layer thickness, m           
dp/dx = pressure gradient 
 
 




Figure 6  Temperature profile for Ue = 27 m/s 
 
Figures 5 and 6 show a comparison of turbulent velocity 
and temperature profiles, respectively, at some location 
downstream of transition for dp/dx » 0. The profiles in 
the laminar region exhibit Blasius profiles. As evident 
from the two methods, the discrete-element approach 
predicts better results for velocity profile while the sand-
grain approach is seen to perform better in the thermal 
profile. This effect is seen in skin-friction (Fig. 7) and 
heat-transfer coefficient prediction as well and, therefore, 
shows the inherent advantages of both the methods. 
Work is presently underway to study the effect of 
different turbulence models and pressure gradient and 
determine their influence on predictions. Details of the 
analysis and experimental results can be found in Refs. 
[32] through [36]. 
 
 
Figure 7  Skin friction coefficient distribution for  




This work was accomplished under a grant from Natural 
Sciences and Engineering Research Council of Canada 
(NSERC). The author would also like to acknowledge 
the support of the Bombardier Aeronautical Chair (Prof. 
Ion Paraschivoiu) at Ecole Polytechnique de Montreal, 
Canada, Bombardier Aerospace Chair (Prof. R.S. 
Raghunathan) at the Queen’s University of Belfast, N.  
Ireland, U.K., and the King Fahd University of Petroleum 




[1] Dipprey, D. F. and Sabersky, R. H., “Heat and 
Momentum Transfer in Smooth and Rough Tubes 
at Various Prandtl Number,” International Journal 
of Heat and Mass Transfer, Vol. 6, 1963. 
[2] Paraschivoiu, I., Tran, P., Brahimi, M. T., 
“Prediction of Ice Accretion with Viscous Effects 
on Aircraft Wings,” AIAA Journal of Aircraft, Vol. 
31, No. 4, 1994, pp. 855—861. 
[3] Nikuradse, J., “Law of Flow in Rough Pipes,” 
Technical Report 1292, VDI-Forchungsheft 361, 
Series B, Vol. 4, 1933; NACA TM 1292, 1950. 
[4] Schlichting, H., “Experimental Investigation of 
Problem of Surface Roughness,” Engénieur-Archiv, 
Vol. VII, No. 1, 1936. Also NACA TM 823, 1937. 
[5] Dvorak, F. A., “Calculation of Turbulent Boundary 
Layers on Surfaces in Pressure Gradient,” AIAA 
Journal, Vol. 7, No. 9, Sept. 1969. 
[6] Dirling, R. B.,” A Method for Computing Rough 
Wall Heat Transfer Rates on Reentry Nose Tips,” 
AIAA Paper 73-0763, 1973. 
[7] Grabow, R. M., White, C. O., “Surface Roughness 
Effects on Nose-tip Ablation Characteristics,” AIAA 
Journal, Vol. 13,  pp. 605—609, May 1975. 
[8] Rotta, J. C.,  “Turbulent Boundary Layers in 
Incompressible Flow,”  Prog. Aero. Sci., Vol. 2, 
1962. 
NUMERICAL MODELS FOR BOUNDARY-LAYER ANALYSIS ON ROUGH SURFACES  
 
5 
[9] Cebeci, T.,  Chang, K. C., “Calculation of 
Incompressible Rough-Wall,” AIAA Journal, Vol. 
16, No. 7,  pp. 730—735. 
[10] Chan Y. Y., “Computations of Incompressible 
Boundary Layers On Rough Surface,” Technical 
report R. L.-546, National Research Council of 
Canada, 1971. 
[11] Van Driest, E. R., “On Turbulent flow near a wall,” 
Journal of the Aeronautical Sciences, Vol. 23, No. 
11, pp. 1299--1310, Nov. 1956. 
[12] Krogstad, P.-A., Antonia, R. A., Brown, L. W. B., 
“Comparison Between Rough and Smooth Wall 
Turbulent Boundary Layer,” Journal of Fluid 
Mechanics, Vol. 245, 1992. 
[13] Saffman, P. G. and Wilcox, D. C., “Turbulence 
Model Predictions for turbulent Boundary Layers,” 
AIAA Journal, Vol. 12, No. 4, pp. 541—546, 1974. 
[14] Wilcox, D. C., “Turbulence Model Transition 
Predictions: Effects of Surface Roughness and 
Pressure Grandient,” AIAA Paper 75-0857, Jan. 
1975 
[15] Patel, V. C. and Sheuer, R. W., “Turbulence 
Models for Near-Wall and Low Reynolds Number 
flows: A Review,” AIAA Journal, Vol. 23, pp. 
1308—1319. 
[16] Owen, P. R. and Thomson, W. R., “Heat Transfer 
Across Rough Wall Surfaces,” Journal of Fluid 
Mechanics, Vol. 15, 1963. 
[17] Coleman, H. W., “Generalized Roughness Effects 
on Turbulent Boundary Layer Heat Transfer. A 
Discrete Element Predictive Approach for 
Turbulent Flow over Rough Surfaces,” Technical 
Report AFTL-TR-83-90, Mississipi State 
University, Nov. 1983. 
[18] Krogstad, P.-A., “Modification of the van Driest 
Damping Function to Include the Effect of Surface 
Roughness,” AIAA Journal, Vol. 29, June 1991. 
[19] Finson, M. L., “A Model for Rough Wall Turbulent 
Heating and Skin Friction,” AIAA Paper 82-0199, 
Orlando, Florida, Jan. 1982. 
[20] Finson, M. L. and Wu, P. K. S., “Analysis of 
Rough Wall Turbulent Heating with Application to 
Blunted Flight Vehicles,” AIAA Paper 79-0008, 
New Orleans, LA., Jan. 1979, 17th Thermophysics 
Conference. 
[21] Lin, T. C. and  Bywater, R. J., “Turbulence Models 
for High-speed, Rough-Wall Boundary Layers,” 
AIAA Journal, Vol. 20, No. 3,  pp. 325—333, Mar. 
1982. 
[22] Christoph, G. H. and Pletcher, R. H., “Prediction of 
Rough-Wall Skin Friction and Heat Transfer,” 
AIAA Journal, Vol. 21, pp. 509—515, Apr. 1983. 
[23] Taylor, R. P. and  Hodge, B. K., “A Validated 
Procedure for the Prediction of Fully Developed 
Nusselt Number and Friction Factors in Pipes With 
3-Dimensionnal Roughness,” Enhanced Heat 
Transfer, Vol. 1, 1993. 
[24] Hosni, M. H., Coleman, H. W., Garnier, J. W. and 
Taylor, R. P., “Roughness Element Shape Effect on 
Heat Transfer and Skin Friction in Rough-Wall 
Turbulent Boundary Layer,” International Journal 
of Heat and Mass Transfer, Vol. 36, 1993. 
[25] Hosni, M. H., Coleman, H. W. and Taylor, R. P., 
“Measurement and Calculation of Surface 
Roughness Effects on Turbulent Flow and Heat 
Transfer,” Technical Report TFD-89-1, Mississipi 
State University, Dec. 1989. 
[26] Hosni, M. H., Coleman, H. W. and Taylor, R. P., 
“Heat Transfer Measurements and Calculation in 
Transitionally Rough Flows,” Journal of 
Turbomachinery, Transaction of the ASME, Vol. 
113, July 1991. 
[27] Hosni, M. H., Coleman, H. W., Garnier, J. W. and 
Taylor, R. P., “An Investigation of Surface 
Roughness Shape Effects on Turbulent Flow and 
Heat Transfer,” Technical Report TFD-90-1 
AFSOR-85-0075 and AFSOR-86-0178, Mississipi 
State University, May 1990. 
[28] Zukauskas, A., “Heat Transfer from Tubes in 
Crossflow,” Advances in Heat Transfer, Academic 
press edition, N. Y. 1972. 
[29] Carrau, A., “Modélisation numérique d'un 
écoulement sur paroi rugueuse,” Thése de doctorat, 
Université de Bordeaux I, France, Octobre 1992. 
[30] Crapiste, G. H., Rotstein, E. and Whitaker, S., “A 
General Closure Scheme for the Method of Volume 
Averaging,” Chemical Engineering Science, Vol. 
41 , No. 2,  pp. 227—235, 1986. 
[31] Gray, W. G., “A Derivation of the Equations for 
Multi-phase Transport,” Chemical Engineering 
Science, Vol. 30, pp. 229—233, 1975. 
[32] Saeed, F., Lutz, C., Paraschivoiu, I., Kerevanian, 
G.-K., Sidorenko, A., Bernard, E., Cooper, R. K., 
and Raghunathan, R. S., “A Comparison of Skin 
Friction and Heat Transfer Prediction by Various 
Roughness Models,” being reviewed for 
publication in the AIAA Journal of Aircraft, Oct. 
2002. 
[33] Kerevanian, G.-K., Sidorenko, A., Bernard, E., 
Cooper, R. K., Raghunathan, R. S., Saeed, F., 
Paraschivoiu, I., and Kafyeke, F., “Effect of 
Density and Height of Roughness Elements on 
Turbulent Boundary Layers,” AIAA Paper 2003-
0645, presented at the 41st Aerospace Sciences 
Meeting & Exhibit, Jan. 2003, Reno, NV, USA. 
[34] Havugimana, P.-C., Lutz, C., Saeed, F., 
Paraschivoiu, I., Kerevanian, G.-K., Sidorenko, A., 
Bernard, E., Cooper, R. K., and Raghunathan, R. 
S., “A Comparison of Skin Friction and Heat 
Transfer Prediction by Various Roughness 
Models,” AIAA Paper 2002-3052, presented at the 
20th AIAA Applied Aerodynamics Conference, 24 
- 27 June 2002, St. Louis, Missouri, USA. 
[35] Kerevanian, G.-K., Sidorenko, A., Benard, E., 
Cooper, R. K., Raghunathan, R. S., Saeed, F., Lutz 
C., Paraschivoiu, I. and Kafyeke, F., “Effect of 
Regular Roughness On Turbulent Boundary  
Layer,” CEAS Aerospace Aerodynamics Research 
Conference of the Royal Aeronautical Society, 
Cambridge, England, June 10--13, 2002. 
[36] Saeed, F., “Numerical Models For Boundary-Layer 
Analysis On Rough Surfaces,” Proceedings of the 
27th Annual Congress of the American Romanian 
Academy of Arts and Sciences (ARA), May 29--
June 2, 2002,  Oradea, Romania, pp. 359–363. 
